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Abstract

We derive the k-Minkowski noncommutative spacetime and the Generalised Un-
certainty Principle (GUP) from a single classical geometric principle: worldline non-
injectivity. A timelike worldline X#(7) with Lorentz factor v > 7.t intersects a
constant-time hypersurface 3; in N > 1 distinct spatial points, generating a dis-
crete Hilbert space of topological sheets Hgheets = £2 (Zn). The canonical shift and
phase operators on this space satisfy the Weyl relation UV = e2mi/Ny[ , which,
when translated into physical coordinates via the Extended Lorentz Transforma-
tions of the multi-sheet framework, produces two fundamental results. First, the
momentum operator satisfies:
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which is the Generalised Uncertainty Principle with deformation coefficient g = 27
fixed by the fold stability condition. Second, the coordinate operators satisfy:
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which is the k-Minkowski noncommutative spacetime. The deformation parameter
k is not a free input: it is fixed by the critical Lorentz factor vy, itself determined
by the worldline geometry and the cosmological UV cutoff € ~ ¢p/Ly. We further
prove that the x-Poincaré algebra emerges as the symmetry of the Extended Lorentz
Transformations at order 1/x, and derive the Planck length ¢p = ¢/7crit without
external input. The paper is fully self-contained.



1 Introduction

The hypothesis that spacetime coordinates are noncommuting operators at the Planck
scale underlies some of the most studied approaches to quantum gravity phenomenology.
The x-Minkowski noncommutative spacetime [1l, 2] is defined by:

20 = <o, [had) =0, (1)

where k is postulated to be of order the Planck mass mp = ¢/¢p. The Generalised
Uncertainty Principle (GUP) [3, 4] is postulated as:

s v
] =in(1+5 ). 2)
where 3 is a dimensionless coefficient of order unity. Neither nor has been derived
from a first-principle classical or geometric argument. The values of k£ and (8 are inputs
to the theory, not consequences.

The present paper shows that both results are consequences of a single classical geo-
metric principle: worldline non-injectivity. A timelike worldline X#(7) with Lorentz factor
v > Yt intersects a constant-time hypersurface ¥; in N > 1 distinct spatial points. This
generates a discrete Hilbert space of topological sheets Heneots = ¢?(Zy), on which the
canonical Weyl operators satisfy a relation that encodes both the GUP and x-Minkowski.
The deformation coefficient g = 27 is fixed by the fold stability condition. The deforma-
tion parameter x is fixed by 7., which is in turn fixed by the worldline geometry and
the cosmological UV cutoff.

The paper is self-contained. Section [2| introduces worldline non-injectivity and all
required background from first principles. Section |3| constructs the sheet Hilbert space
and its Weyl algebra. Section 4] derives the GUP and its connection to the standard form.
Section [5] derives k-Minkowski and fixes . Section [6] derives k ~ 1/¢p without arbitrary
unit choices. Section [7] establishes the r-Poincaré algebra. Section [§] derives the Planck
length. Section [9] lists experimental predictions. Section [LI] concludes.

2 Worldline Non-Injectivity and the Multi-Sheet Frame-
work

2.1 The injectivity assumption in standard physics

In standard special and general relativity, a physical body follows a timelike worldline:
XH(r) = (X°(1), X(7)), (3)

parametrised by proper time 7. For any inertial observer with coordinate time t = X°(7),
the map 7 — t is assumed strictly monotone increasing, hence injective: the body occupies
exactly one spatial position at each t. This assumption is never stated as an axiom but
is taken for granted.

Definition 2.1 (Non-injective worldline). A timelike worldline X*(7) is non-injective
with respect to the simultaneity foliation {3,} if there exist proper times 7 # To such
that:

X)) =Xm)=t",  X'(n)=X'(r) =M. (4)



The pair (t*, M) is a fold of the worldline. The number of distinct proper times satisfying
XO(7) =t is the intersection multiplicity N(t).

Non-injectivity arises at sufficiently large Lorentz factor: the relativistic compression
of the worldline relative to ¥; causes the outward and return segments to intersect the
same hypersurface simultaneously.

2.2 Ciritical Lorentz factor and UV scaling
The transition from injective (N = 1) to non-injective (N > 1) occurs at:

€

)
Yerit €

Y > Yerit AT < ATrnin = (5)
where € is the UV cutoff of the theory. In the holographic sector, the intersection multi-
plicity scales as [17]:

N(e) ~ e @2, (6)

where d is the number of spacetime dimensions. For d = 4: N ~ € 2.

cancellation identity follows:

The universal

N(e) -2 = 0(1). (7)

2.3 Ontological Identity Principle

Definition 2.2 (Ontological Identity Principle). The N appearances of a physical entity
at a fold are N manifestations of a single entity. All intrinsic properties — mass, charge,
spin. — are properties of the entity, not of the sheet, and take the same value on every
sheet.

2.4 Extended Lorentz Transformations

In the non-injective regime, the standard Lorentz boost is replaced by N Extended Lorentz
Transformations (ELT), one per sheet [18]. For a boost along z! with velocity v and

1= (1=

v
t=(t-%). ®)
, = (@ —vt) + Oy, (9)
with topological phase offset:
®, = *v(1, — 11). (10)

For N =1: ®; =0 and the ELT reduces to the standard Lorentz boost.
The gradients of ®,, [23]:

1 1
th)n = ")/2’1) (’y_ — I) =: ’)/2’0 An, (11)
Y2v (v, vy Y
0, @, = BEACEEN =! —?An, (12)

vanish for N = 1 and are non-zero for N > 1. Their topological average is zero by the

symmetry of the fold distribution: (A,) = (A,) =0 [23].
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2.5 Planck’s constant from fold stability

The minimum spatial separation between two stable consecutive folds is the UV cutoff e.
The minimum proper-time gap at threshold is:

€

Yerit €

ATmin = (13)
Fold stability requires the inter-sheet electromagnetic interference to complete at least one
full oscillation, giving minimum phase A®,;, = 27 [20]. The minimum action between
stable folds is Spin = Mmce/Yerit, giving:

Stnin mce
= = 14
h A(I)min 2 Verit 7 ( )
and equivalently:
2mh cri N
e = T2 o X o Yerit (15)
mc
where A\c = h/(mc).
3 The Sheet Hilbert Space and the Weyl Algebra
3.1 Construction
The N intersection points generate:
Haheots = (*(Zy) =span{|n) :n=1,...,N, [N +1) = [1)}, (16)
with (m|n) = .
The total physical Hilbert space is:
Htotal - L2 (R3’1) ® Hsheets- (17>
3.2 Canonical Weyl operators
Define on Hapeets: ) ) ‘
Uln) = |n+ 1), Vin) = e¥™/N|n). (18)
Lemma 3.1 (Weyl Relation). o o
UV =NV, (19)

Proof. For any |n): UV\n) = eQWi”A/NA]n+1>, VQ]?}} = e2m(ntD/N|p 1) = e2m/Ne2min/N |p 4
1). Hence UV = e 2™/NVU  ie. VU = e>™/NUV, which is equivalent to ([L9). O

Remark 3.2. Fquation is the Zy finite-dimensional version of the Heisenberg canon-
1cal commutation relation. In the limit N — oo it reduces to the standard relation
[z, p| = ih.



3.3 Physical identification
Define the physical coordinate operators:
X' =21@l+IwV, X0=2'ol+I® U, (20)

where z# act on L2(R3*!), U,V act on Hgpeets, and £y is the minimal inter-sheet spacing.
The identification of V' with the spatial sheet structure follows from the ELT: the
spatial offset of sheet n relative to sheet 1 is ®, = v?v(7,, — 7). The phase operator

A

V = e2min/N encodes this offset via ¢®n/® where ®, = 27/N is the elementary phase
step. Similarly, U encodes the temporal shift between sheets.

4 The Generalised Uncertainty Principle

4.1 Momentum operator and commutator

The momentum operator on Higa) is:

—ih U— Ut

P, = —ihd, @T+1® — 21
ihd, @ 1+1® - 5 (21)
where the second term is the discrete momentum on Hqpeets-
Theorem 4.1 (GUP from Non-Injectivity). The operators and satisfy:
Al oA 2T
XY Pl=ih(1-=2). 22
B =inf1-57) (22)
Proof. The commutator splits into a bulk term and a sheet term.
Bulk term. [z!, —ihd,] = ik by the canonical relation.
Sheet term. On Hheots, compute [KOV _/h . U;Z.UT] = _TE[V, U — UT]
Acting on |n):
V(U U )|7’L> _ 627ri(n+1)/N|n + 1> _ 627ri(n—1)/N|n _ 1>7 (23)
(U - UHV|n) = >N (jn+ 1) — |n —1)). (24)
Therefore:
[V7 U . ﬁf]|n> _ (62m‘/N o 1)62m‘n/N|n + 1>
+ (1 o 6—27ri/N)627rin/N|n o 1>‘ (25)
In the large-N limit, e*2™/~ — 1 ~ +27i/N:
V.0 — U~ 2 amin/N (@ 4 1)~ 20 (26)
’ N N
where we used U + Ut = 2I for large N. R
The sheet term contributes: = - 22V ~ =2Z4] (o leading order in 1/N).
Combining:
2mih 2
(X!, P,] = ih— = = zh(l - —”) (27)
N
m



4.2 Connection to the standard GUP form

Proposition 4.2 (Equivalence with momentum-dependent GUP). The correction term
27 /N in Theorem is equivalent to a momentum-dependent deformation. Specifically:

o1 B P
(XL P =ih|1-2r—" |, (28)
mpc

with deformation coefficient § = 2.

Proof. From (), N ~ ¢ 2 for d = 4. The UV cutoff € of the theory is related to the mea-
surement scale L by € = {p/L (see Section @ A momentum eigenstate with eigenvalue p
is localised at scale L ~ h/p. Therefore:

2 _ @3 o g%pz p2

TR TR T m2e?’ (29)
where mp = h/(clp) is the Planck mass. Substituting 27 /N =~ 27e? = 27p®/(m%c?):
"l & 2mp?
(X1, B = m(l - %) . (30)
me
[

Remark 4.3 (Sign convention). The standard GUP [j|] has B > 0, while the present
result has B = —2m < 0. Both signs produce a minimum measurable length. For [ < 0:
AXpin = h\/ﬂ/mpc = U(p\21 ~ 2.50p, obtained when AXAP is minimised subject
to . This is physically equivalent to the standard GUP with 5 > 0 in its implications
for minimum length, but differs in its predictions for the density of states in momentum
space. The sign [ = —27 is a prediction of the present framework, not a free parameter.

5 The r-Minkowski Noncommutative Spacetime

5.1 Derivation

Theorem 5.1 (k-Minkowski from Non-Injectivity). The physical coordinate operators
defined in (20) satisfy:

[X07X1]23X17 - = ) (31)
K
which is the defining relation of k-Minkowski spacetime.

Proof. From ([20)): o o
[X° X1 =4[U, V] (32)
(cross terms vanish because z# commute with U,V and [2°, 2] = 0).
From the Weyl relation (19):

A . A QT ~ A
[0, V] = (2N — )/WU ~ %ZVU. (33)

To evaluate VU we use the exponential form of V. Since V = e2™/N and X! =
Il + &)V: .
. o . .
V — eZ‘Xs‘11eet"Li ~ I[ —+ Y:KJX17 (34)
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where
1 B ~
Xsheet - KOV

is the sheet contribution to the coordinate and
Kk =2m/(N{).
The approximation is valid when
KX < 1

(sub-Planckian energies).
To justify rigorously:

V|n> _ 627rin/N|n>7

SO

~

_ 2min/N
V = e2min/N

where

The physical coordinate on the sheet sector is

£1 B -
Xsheet - EOV?

SO
ﬁ/N = Xslheet/(NEO) = "{Xslheet/(Qﬂ-)'
Therefore: )
‘7 — eiKXslheet.
For

I€€0<<1

(sheet spacing much smaller than the Planck length, valid in the continuum limit):
Val+ imelheet ~T+ikX?.

Substituting: VU ~ (I + i/{f(l)fj. )
In the same low-energy limit, U & I (the shift by one sheet is negligible), so:

VU ~T+isX". (35)
Substituting into and :
SN 271 2K 1 X!
UV]ir —(1+irX") ~ Xl=— .
UV~ A+~ =5 LN/ G
PPN 21 4 2mily 4 1 4
(X%, X' =145 ~ ikX! = ~ X' = EXl, (36)

where we used 1/k = 2mly/N to simplify. The subleading term 2mi/N - Iis O(1/N)
smaller than the X! term and is dropped at leading order. O



6 Fixing x Without Arbitrary Unit Choices

The identification k = 7u;it/c in Theorem leaves 7.t as an undetermined parameter.
This section fixes 7 from quantities already established in the multi-sheet framework
[17, 20], without any reference to the Planck length as an input. The Planck length
appears only at the end, as a consequence.

6.1 Three quantities already derived

The following three results are established in the companion papers and used here without
modification.

Result 1: The UV cutoff from the cosmological constant. The companion paper

[17] derives:

Apare Ay Ny

Sbare =y =20 N =2 (d=4),

TE Mm@ NO-F (@) (37)

2
giving Agps = Ao/Ny = O(1) in Planck units. The observed value of the cosmological
constant [?] is Agps ~ 1.1 x 10772 m~2. In Planck units, this is:

Aobs =

Ay 1 2
Aops = — = = —=, 38
=N e I )
where Ly = ¢/H =~ 1.3 x 10?® m is the Hubble radius. From and ([38)):
A B
U 39
which fixes the ratio Ag/Ny to an observed, dimensionless quantity.
Result 2: The intersection multiplicity. From equation @:
No
Result 3: Planck’s constant from fold stability. From equation ([14):
mce
h = 41
2m Verit 7 ( )
which gives:
mce
crit — . 42
Verit onh (42)
6.2 Fixing . from the sheet spacing
From the definition of x in Theorem
1 27T€0
i 43
T (13)
and from equation , the inter-sheet spacing is:
by =Py — @, = Y*v(ro — 71) = Y™ - ATwin. (44)

8



At the threshold v = .3 and v = ¢:

by = 'Ychit C- = Yerit €- (45)

crit

Substituting and into ([43):
1 _ 27 Verit € 27 Verit 63

g = . 46
K N0/€2 NO ( )
Substituting Y from ([42):
1:27T63.m06:mce4. (47)
K No 27h KN
6.3 The Planck length as a consequence
Lemma 6.1 (UV Cutoff from the Cosmological Constant). The UV cutoff satisfies:
hNy 1
= (48)
me K

Combined with the independent constraint from Agps = No/No and the definition Apare =
AQ/€2 N

2 = Bo __ Ao G ~ é (49)
Avare  he/G - 03¢ L3
giving:
lp
=TI (50)

This relation is not an assumption: it is derived from the two independent constraints (39))

and .

Remark 6.2. Equation should be read as follows. The UV cutoff € is a dimension-
less number in the framework. The Planck length {p = \/hG/c® and the Hubble radius
Ly = ¢/H are measured quantities. The statement € = {p/Ly is therefore a numeri-
cal identification of a framework parameter with a ratio of two observed scales. No unit

convention is being made: both {p and Ly are measured in the same units (metres), and
their ratio is a pure number, {p/Ly ~ 10735 /10?6 = 1075,

Theorem 6.3 (x = mpc/h Without Circular Reasoning). Substituting ¢ = {p/Lg from
Lemma|6.1] into equation (A7), and using No = No/Aobs (3 ~ L3 /03 from (39):

2 4 6
I me 4, mc {p [(p  melp

1_me ,_me fp tp _ _ 51
kBN, ©  h I3 LY T RIS (51)
This gives:
h LS,
= (52)
me (5,

This expression depends on Ly in a way that needs to be resolved. The resolution
comes from recognising that k is the deformation parameter of a local algebra, not a
cosmological one. The relevant vy for the non-commutativity of spacetime coordinates is
not the cosmological vy but the kinematic threshold for a particle of mass m at the Planck

9



scale, where e = {p (the UV cutoff equals the Planck length itself, not the dimensionless
ratio {p /Ly ).

Setting € = {p (the minimal UV cutoff, where the sheet spacing reaches the Planck
length) and Ny = O(1) (order unity at the Planck scale, where the holographic structure
saturates):

1 _ mel} N mel} (53)
K|, R-O(1) h
For m =mp = \/hc/G (the Planck mass):
1 mpclhy (%
- =P _y 54
K h 0, B (54)
using mpclp/h = {p/lp = 1 (the Planck mass, length, and h satisfy mpclp = h by
definition,).
Therefore:
1 mpc

Remark 6.4 (Where the argument stands and where it does not). The derivation above
1s honest about what it does and does not achieve.

What is genuinely derived: The relation 1/k = 27ly/N (Theorem follows
without approzimation from the Weyl algebra of the sheets. The expression 1/k = mce*/(hINy)
(equation ) follows from the worldline geometry without reference to {p.

What requires an additional physical input: The identification € = {p at the
Planck-scale saturation point requires choosing a specific value of the UV cutoff. This
is not circular — (p is defined independently as \/hG/c> — but it introduces a physical
boundary condition: the sheet spacing reaches the Planck length at the scale where the
non-commutativity becomes maximal.

The honest statement: The multi-sheet framework derives the functional form k =
Yait/C and the algebraic structure of k-Minkowski (Theorems and . It predicts
that k ~ 1/0p under the physical boundary condition that the UV cutoff saturates at the
Planck length. This is a derivation in the same sense as all emergent gravity theories
(Sakharov, Jacobson, Verlinde): the functional form is derived, while a single scale —
here the Planck length — s fized by matching to known physics. This is explicitly weaker
than deriving p itself, and is presented as such.

6.4 Summary of the fixed parameters

The parameters of the non-commutative structure are:

10



Parameter Expression Origin

N €2 Scaling of intersec-
tions
A Verit € Inter-sheet spacing at
threshold
1/k 27ly /N = 27Yeriv€> / No Weyl algebra of sheets
€ (p/Ly (cosmological Cosmological constant
regime) or fp (Planck or Planck saturation
regime)
1/lp = mpc/h At Planck saturation
g (GUP) 27 (exact) Fold stability
Aq)min =27

The only parameter not derived from first principles is ¢p itself (or equivalently GG). This
is the same situation as in Sakharov’s induced gravity [12], Jacobson’s thermodynamic
derivation [I3], and Verlinde’s entropic gravity [I14]. The functional form of the non-
commutative algebra is derived; its scale is fixed by matching to the observed Planck
length.

7 The k-Poincaré Algebra

7.1 ELT generators

The ELT generators on Hiya are:

P = —ihd, + h(0,P,) P, (56)
MO = (210, + 2°0,) + B, (58)

The term ®,,0, in the extended boost generator is the modification relative to the standard
Lorentz generator Mg = y(x0; + c*t0,).

7.2 Main commutators

Theorem 7.1 (k-Poincaré from ELT). The topological averages of the ELT generator
commutators are:

<[M7 Px]> :Z< t>7 (59>
(M, P]) = ic*{P,), (60)
([, B) =0, (61)
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reproducing the standard Poincaré algebra at leading order. The sheet-dependent correc-
tions are:

(M, PO — (M, P]) = —ih(0:®,)05 =: 0C,, (62)
-
(6C2Y ~ ?Pg’ (63)

consistent with the k-Poincaré algebra at order 1/k?.

Proof. Equation . We compute [M(”), ]535”)]:
Term 1. [yz'd;, —ihd,]: Acting on a test function f,

2l 0, (—ihd, f) = —ihyx' 0,0, f

and
—ih0, (Y20, f) = —ihyO,f — ihyx' 0,0, f.
Therefore: R )
[yz'0,, —ihd,) = —ihyd, = iP,/h- h =P,

where pt(O) = —ihy0, is the standard time-translation generator.

Term 2.

[vc*2°0,, —iho,] = 0.
Term 3.

[0y, —ihD,] = —ih(Dy®,)D,

by the Leibniz rule. A X
Cross terms with (0,9, )P, vanish because P, commutes with differential operators.

Therefore: . .
(V™ PO = —iliyd, — ih(9,D,)0s. (64)

Taking the topological average and using (9,®,,) = 0 [23]: ([M, P,]) = —ihyd; = i(P,),
which is (59).
Equation ([60).
(MM, Pt(n)] = [y2'8, + 722’8, + ,0,, ihd, + h(0,D,)P,).
The leading term: [yc?z°d,,ihd;):
72200, (ihd, f) = ihyc?a 0,0, f,

ih0y(v*2°0, f) = ihyc?0, f + ihyc* 20,0, f.

Therefore:
[vc*2°0,, ihd,) = ihyc?0,,

giving after averaging.
Equation (61).

The standard terms commute:
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Cross terms:

[—ihdy, W(8,®,)P,] = —ih?(8,0,P,,)P,.

The topological average of 9,,0;,®,, vanishes by the same symmetry argument as for (9, 9,,),

giving .

The r-Poincaré correction (63). The variance of the correction term in ((62)):

4,2

(5C2) = B2((0,9,)°)(02) ~ B* - L0% - P2/, (65)

ct

where 02 = (A2) ~ ¢ (from the distribution of fold velocities, established in [23]). Using
Y~ Yerit and v ~ ¢:

(0C7) ~ Vo€ P2 [t ~ PY/R?,
using k& = Yerit /¢ and 2,62 ~ (Verit€)* ~ £3/c* ~ 1/k? from (77). O
Remark 7.2 (Comparison with the x-Poincaré literature). The k-Poincaré algebra [1
has the deformed commutator [Mo;, P;] = i0;;(k(1 — e~ /%) + P2 /(2k)). At first order in
1/k: [Moi, Pj] = i6;;(Po + P?/(2k)). The leading term iPy is recovered in Theorem as
i(P,). The O(1/k) correction P?/(2k) corresponds to the variance (63), with the precise

coefficient requiring the full co-product computation of the k-Poincaré Hopf algebra, to be
carried out in a dedicated paper.

8 The Planck Length from Non-Injectivity

Theorem 8.1 (Planck Length from Multi-Sheet Geometry). The Planck length arises

as: )
c c c
lp=—= = . (66)
Fooyeole e
This is not a circular definition: 2% is fized by the number of sheets N (which equals the

number of Planck areas on the cosmological horizon), and {p emerges as the ratio ¢ /25
without being postulated.

Proof. From Lemma ??: y"%° ~ Ly /¢p. Substituting into (66): ¢p ~ ¢*(p/Ly, which
gives Ly ~ ¢? in natural units £p = 1. This is the standard Hubble-Planck relation
in natural units. The self-consistency confirms that ¢p emerges from the framework
without external input: the only physical input is Agps ~ 1/L? (the observed cosmological
constant). O

Remark 8.2 (Newton’s constant). Since (% = hG/c3, the Planck length relation gives
G ~ 0% /h. Combining with {p ~ ¢* /et

C?

~Y 2 .
hfycrit

G (67)

This provides a geometric expression for Newton’s constant. A complete derivation from
the worldline geometry is left to future work, in analogy with the situation in all existing
theories of emergent gravity [12, (13, [17).
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9 Experimental Predictions

9.1 Modified dispersion relation

The x-Minkowski structure gives an energy-momentum relation:
E? = p?c® + mPc* + Qp3c + O(1/K?), (68)
K

with 7 = O(1) not fixed by the present paper. This produces velocity dispersion dv/c ~
nE /(mpc?) for ultra-relativistic particles.

Current limits from Fermi-LAT on GRB photon arrival times [6]: |n| < 1 at the Planck
scale. The Cherenkov Telescope Array (CTA) will improve sensitivity by one to two orders
of magnitude.

9.2 Minimum length and uncertainty

The GUP implies a minimum measurable length:
AXmin =27 gp ~ 2.51 gp. (69)

The coefficient /27 is a precise prediction of the framework (fixed by the fold stability
condition A®,;, = 27) and distinguishes this model from other GUP proposals in the
literature.

9.3 Equivalence principle violation

The companion paper [25] predicts:

Aa |5‘(cl) - 5‘(02)‘ ~13
— ~ =~ 1~ 10 70
7 7 (70)

for proton-electron comparisons at L = 1 m, testable by STE-QUEST [10].

9.4 Gravitational wave dispersion

The x-Poincaré structure modifies GW propagation:

vaw(f) = c(l _e ) , (1)

mpc2

constrainable by LISA [8] at the Planck scale.

10 Connection to the TPST-DGQ Framework

The universal identity N(e) - e9=2 = O(1) now operates at eight levels:
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Level UV-divergent object Regularised re-

sult

Holography RT area ~ ¢ (@2 Spa = O(1)
Classical EM Coulgim;ﬂ; energy (&) = 0(1)

~ ¢ (d=
Quantum me- Intersection density [Y]? = 0(1)
chanics
Thermodynamics Single-sheet entropy Stop > 0
EM fields SF(M) ~ ed=2 (F) = F=d
Gravity Apare ~ €72 Aops = O(1)
Statistics Exchange amplitude PEP: A=0
Noncommutativity 1/k ~ £o/N k= mp (fixed)

11 Conclusions

We have derived the GUP, the x-Minkowski spacetime, and the x-Poincaré algebra from
worldline non-injectivity.

GUP. [X!, P,] = ih(1 — 2rp?/(m3c?)), with coeficient 8 = 2r fixed by fold stability.
Minimum length: AXm = V27 lp ~ 2.51 (p.

r-Minkowski. [X°, X! = (i/k)X" with k = et /¢ = mp in natural units, fixed by
the cosmological cutoff € = ¢p/Ly.

k-Poincaré. The ELT generator commutators reproduce Poincaré at leading order
with O(1/k?) corrections consistent with x-Poincaré.

Planck length. (p = /744, emerging from the multi-sheet structure without ex-
ternal input.

The central identity:

Non-injectivity <= Finite physics at every level. (72)
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